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1. ~NTRoDTJcTI~N 
Gluck [2] and others have investigated the relationship between p(G), 
the set of primes dividing the degrees of the irreducible complex characters 
of G, and o(G), the greatest number of primes dividing the degree of a 
single irreducible character of G. when G is a finite solvable group. For 
such groups Gluck [2] has shown that 1 p(G)/ ,< (g(G))‘+ 100(G). In this 
paper we examine the relationship between these two quantities for G a 
finite nonabelian simple group. 
In order to state our results we need to introduce some notation. If G is 
a finite group and S is a subset of Irr(Gj, the set of irreducible characters 
of G, we will say S is a covering set of G if for every prime divisor p of / G 1 
there is a character x in S such that p divides x( 1). If G has a covering set 
we will define the covering number of G, which we will denote by en(G), 
as the least number of elements in a covering set of G. 
Work of Michler [6, Theorem 3.31 has as a consequence that if G is a 
nonabelian simple group then G has a covering set; in other words, 
p(G) = n(G), where n(G) is the set of prime divisors of the order of G. For 
such groups then en(G) ,( 1 r(G)1 However, more is true. 
THEOREM A. For a finite nonabeliarl simple group G, m(G) < 3. 
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COROLLARV 1. For a finite nonabelian simple group G. / p(G)\ < 30(G). 
Pro@ We have already noted that in this case p(G) = n(G). Since a 
covering set for G with no more than three characters exists, and since 
every prime divisor of the order of G divides at least one of these character 
degrees, it follows that one of these characters degrees is divisible by at 
least one third of the prime divisors of the order of G. Thus 
o(G) 3 I p(G)(/3. 
For a finite group G, Manz, Staszewski: and Willems [5] defined a 
graph f(G’) whose vertices are the nonlinear irreducible characters of G 
and such that two vertices are adjacent if and only if their degrees have a 
common prime divisor. They showed that n(f(G)), the number of con- 
nected components of T(G), is at most three, by reducing the problem to 
one for simple groups and checking the degree configurations in the known 
list of simple groups. It is clear that rz(T(G)) < c~z(G) for G a simple group 
since a covering set contains a character from every connected component 
of f(G). Moreover 
COROLLARY 2. If G is a finite nonabe[ian simple group thert an!’ 
comected component rl oj- f(G) contains a subset S, oj” FIO more than three 
characters with the property that an), prime divisor qf the degree qf a 
character in rl divides at least one qf- the degrees of the characters irz S,. 
ProojI Let S = {x1, . . . . xn} be a minimal covering set for G, where 
II = m(G), and let S, = Sn r,. By Theorem A, 1 S, ( d 3. Let 4 be acy 
character in f, , and let p be any prime divisor of & 1). If p divides the 
degree of no character in S,, then p divides the degree of a character x, in 
S- S,. This implies xi is in rl, and so in S, 5 which is a contradiction. This 
concludes the proof of Corollary 2. 
Theorem A is shown for groups of Lie type in [IS]. Indeed for most 
groups G of Lie type, c??(G) < 2. One uses a Deligne-L.usztig character on 
a Coxeter torus and a judiciously chosen unipotent character. We sumI- 
marize the situation for the sporadic groups in the following statement. 
THEOREM B. [f G is one of the 26 sporadic simple groups then 
(i) cn( G) f 2 &ess G = J, whose coaerirzg mnzber is 3; 
(ii) en(G)= 1 if G is one of M(l88), B(183), F,+(106). CoI(lO1), 
Fi,,(97), T/1(39), HN(29), Co,(45 j. 
The mrnber in parenthesis after each group name in (ii) wfers to the charar- 
ter numbering in [ 11. 
By the classification of finite simple groups it only remains to esamine 
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the alternating groups. Now, as we have said, c/1(,4,) = 3. The following 
result then is sufficient to prove Theorem A. 
THEOREM C. I f  n 3 6 then cn(A,,) < 2. 
One consequence of Theorem C is 
COROLLARY 3. If W is a Weyl group of type ‘4, B, C, or D, and the rank 
oj’ W is gwater thaR or equal to 6, then cn( I#-) < 2. 
The proofs of Theorem C and Corollary 3 will be given in the next 
section. In Section 3 we will state a conjecture for 12 3 1.5. 
2. PROOFS OF THEOREM C AND COROLLARY 3 
In this section we make use of the classification of the irreducible charac- 
ters of Z4,, given in [4, Theorem 2.5.71, the character degree formula from 
[3, Theorem 20.11 and the notion of hook graph from [3, Sect. 181. 
We will produce two ordinary irreducible characters x1 and xZ of A,, 
such that “almost all” primes not exceeding 12 divide x,( 1) while the 
remainder divides x2( 1). If m is a positive integer and p is a prime IJJ~~) 
will denote the exponent to which p occurs in the factorization of n2. 
To identify x1, we proceed as follows. Let k be the integer such that 
k’ d II < (/i + 1 )‘? i.e., k = [,,/%I. If n = k2, let M. be the partition of n with 
k parts equal to k; if n = k” + i, where 1 < i < k, let CI be the partition of H 
with i parts equal to k + 1 and k - i parts equal to k; if n = k’ + k + i, where 
1 d id k, let LX be the partition of IZ with k parts equal to k + 1 and one part 
equal to i. Thus CI is chosen so that its corresponding Young diagram is “as 
square as possible.” Note that R is self-conjugate only when /z = k* or 
n = k2 + 2k. If n = k2, k’ + i, or k2 + k + i, where 1 < i < k, then the greatest 
hooklength in the hook graph of [IX] is 2k- 1, 2h-, or 2k+ 1, respectively, 
and it occurs once. The hooklength 2k- 1 occurs once when k’ <PI d 
k’+ 1, twice when k’+2<n d k2 +k+2, and three times when 
k’ + k + 3 6 IZ Gk’ + 2k. The examples of hook graphs of [CX] for various y1 
below may help to illustrate the above points. 
98765 10 9 8 7 6 3 11 109865 
87654 987652 10 98754 
76543 876541 9 87643 
65432 65432 8 76532 
54321 54321 7 65421 
4 321 
n=25 n=28 n = 34 
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Let h be the product of the hooklengths in the hook graph of the diagram 
[lx]. If CI is not self-conjugate, there is associated with M a character of A,, 
of degree n!/h. Denote this character by x1. If x is self-conjugate, there are 
associated with E two complex conjugate characters of A,, of degree n!!2/5. 
Denote either of these by K L. 
PROPOSITION 1. Let II 2 25 with k as above arzd p be a prime ,tYti? p < ~1. 
Z..p<k or pa2k- 1 then ~);5~(1), 
TO prove this proposition we will need two lemmas. We look first at t? 
and 2k + 1, the largest factor in rz! and an upper bound for the largest 
factor in h, respectively. 
LEMMA 1. Let N > 32 arzd let p < k be a prime. Let N arzd y be positive 
integers. such that p-‘d 2k -t 1 cp-’ +’ aizd p?‘ 6 n -cp’ + I. Then J’ > x. 
Further if p = 2, thcrl y > s + 1. 
Proof; Let m be the positive integer such that p”’ d k <pm+‘. Assume 
for now that p is odd. Then x<nm+ 1 since 2p”‘+ 1 < 2k+ 1 < 
2P 
P-n+1 + 1 <pm+2. Clearly J 3 2tn. Hence J’ > x if m > 1. Assume then that 
MZ = 1 and J = 2. Then p’ < 2k + 1 and p d d”‘k. We note that if k > IO, 
then ,‘:2k < (2k - 1 )i4. Hence, if n 3 100, then 
p3<(2k+1)\/2k+1 
<(2k+l)(2k-lji4 
= k’- l/4 
<n 
and so J> 3 > 2 = S. 
It remains to consider the case where 32 <iz B 99, p is an odd prime, 
m = 1, and x = 2. We have k < 9 and so 2k + 1 < 19. Since x = 2 we must 
have p = 3. With p = 3 and nr = 1 we must have k < 8 which forces n < 80. 
If 32<rz<80, then 5<kkd, and so 11$2/~+1<17. Thus r=2 and 
j’= 3. 
We now assume that p = 2. Since 2” d 2k + 1 < 2”’ ‘, it is true that 
2” 6 2k < 2” + I. But 2”’ + l < 2k < 2’” + ?, Hence, s = rn+ 1. Now J > 2nr as 
above. Hence, if r? 3 64, then k > 8 and m > 3, and so ~3 > 2115 ; lo+ 2 = 
x+1. If 32<rz<63, then 5<k<7, and 11<2k+l<15. Thus s=3 and 
J = 5. This completes the proof of Lemma 1. 
LEMMA 2. [f II > 10 arzd p is a prime with p <k then p / ;cl( 1 1. 
Proof The assertion can be tediously checked when 10 < rz d 31. We 
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assume that 113 32. For each positive integer i, let ni be the number of 
hooklengths of the diagrams [a] divisible by pi. Then by [4, 
Theorem 2.7.401, n,< [~I/@] for all i. Recall 12 is the product of the 
hooklengths in the hook graph of [a]. Now 
32 
v&h)= c nj and v,(n!) = f [n/p’], 
i-1 i= I 
By Lemma 1, II? = 0 < [n/p”]. Hence, ,~,(hj < I, and so p jxI(l) if p is 
odd. If p = 2, IZ!- 1 = n,. = 0 while [n/2! - ‘1 and [n/2”] are both nonzero. 
Hence, ~~(2/1) < v2(n!j and so 21x1( 1). This completes the proof of 
Lemma 2. 
Proof of Propositiott 1. The only primes not dealt with in these lemmas 
are the primes between 2k- 1 and n. Suppose then that p is a prime with 
2k- 1 <p<tr If p>2k+ 1, then p/n! and pj’2h, and so p(xL(l). Assume 
p = 2k + 1. By examining the hook graph of [a] we see that at most one 
hooklength is divisible by 2k + 1. If k 3 5 we note that 2(2k + 1) < k2. 
Hence if n > 25 we have pz / n! whereas pZ j’h. Thus p / x,( 1). Now assume 
p = 2k - 1. By examining the hook graph of [a] we see that at most three 
hooklengths are divisible by 2k - 1. If k 3 8 then 4(2k - 1) <k*. Hence, if 
n > 64 we have pa) n! whereas p”yh, and so p 1x1(l). When 25 d n d35, 
2k-1=9 is not a prime. When 36<n<48, 2k-l=ll. For 36<n<44, 
at most two hooklengths are divisible by 11 whereas ll’(n!; for 
45 <II ~48, exactly three hooklengths are divisible by 11 whereas 11’1 n!. 
When 49 < n < 63, 2k - 1 = 13. For 49 6 tz 6 58, at most two hooklengths 
are divisible by 13 whereas 13’) n!; for 59 < tz < 63, exactly three 
hooklengths are divisible by 13 whereas 13”) n!. This completes the proof 
of Proposition 1. 
To identify x2 we let fi be the partition of tz with one part equal to 
n - 4k + 12 and k - 3 parts equal to 4. If n 3 16, then p is not self-conjugate 
since n - 4k+ 12 B k - 2. Associated with /? is a character x2 of A, of 
degree n!/h,, where h, is the product of the hooklengths of the diagram 
[p] given below. 
n-3k+9 n-3k+8 n-3X-+7 n-3k+6 n-4k+S...3 2 1 
k k-l k-2 k-3 
k-l k-2 k-3 k-4 
4 3 2 1 
Hook Graph of [p] 
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PROPOSITION 2. If II 2 36, and p is a prime with k <p ,< 2k - 3, th 
P I xzi 1). 
‘Proof. The greatest hooklength in rows 2 to k-2 corresponds to the 
(2, 1)-hook and has value k. Hence, none of the hooklengths in rows 2 to 
k - 2 is divisible by p. Also, 77 < (k + 1)’ <p’, so no hooklength is divisible 
by p’. Thus, to prove p 1 xr( l), it suffices to show that fewer than [n/p3 
positions in the first row have hooklengths divisible by p (since P[“,~: ! H! )~ 
Therefore, it suffices to show that the ( 1. 1 )-hooklength II - 3k + 9 < 17 -p. 
If k>6, then 2k-3 <3k-9. Hence, if 77>36, we have n - (3k-9)< 
n - (2k - 3) $17 -p. This completes the proof of Proposition 2. 
To complete the proof of Theorem C, we simply list in Table L an 
appropriate partition or pair of partitions for each integer N in the interval 
[6, 351. 
We now prove Corollary 3. From our proof of Theorem C it is clear that 
cn( S,,) < 2 for n > 6, where S,, is the symmetric group of degree n, The Weyl 
group of type il and rank IZ, 1+‘,,(--1). is isomorphic to S,,, r. Hence if tz > 5. 
cn( pi’,,(A)) < 2. For W of type B, C, or D, and rank II, IV is the semidirect 
of a normal elementary 2-subgroup and a subgroup S isomorphic to &. 
The result follows now for n 26 since characters of S lift to characters 
of K/: 
TABLE I 
The Cases II = 6 through II = 35 
n = 6: 14, 21 [4, 1, l] n= 7:[6,1][4,2,1] 
n = 8: [6, 21 [6, 1, 1] II= 9: [8, 11 [6, 2, l] 
II = 10: [4, 3. 31 r7=11:[5.3,2. I] 
n = 12: 110.21 [7; 3.21 II = 13: [IZ. l] [S. 5. 1. 1. l] 
II = 14: rt2,2] [s, 4. I, 11 n = 15: 17, 3. 3, 21 
n = 16: [9,4, 2. l] n = 17: [7,4. 3, 1, 1. I] 
n = 18: [9, 6, 2. l] n = 19: [S. 5.4, I, l] 
n = 20: [S, 7, 3. 1, 11 rz=21:[10,5,3,2. l] 
12 = 22: [ 13, 5, 2, 21 n=23:[12.S.Z ’ ?- 1 , -3 - 
n = 24: [ 12, 5, 4, 2, 1] il=25.[14,4.3.3,1) 
n=26: [16, 7, 1, 1. 1] n = 27: [ 16, 4, 4, 2, 1 ] 
II = 28: [lS, 5, 3, 21 n =29: [lS, 3. 3, 2, 1, 1, 11 
n = 30: [ 18, 4, 3, 2, 1, 1, 1] 17 = 31: [li. 6. 3. 3, 2] 
n = 32: [18.4. 3. 2, 2, 1, 1, 1] II = 33: [19, 4,4, 3, 7, l] 
n = 34: [21, 8.4, l] n = 35: [22.4,4, 2. 1, 1, I] 
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3. A CONJECTURE 
The larger partitions in Table I were discovered through the use of a 
computer program. In its earliest form, the algorithm employed by the 
program was a simple linear search through partitions of 12, starting with 
[R - 1, 11 and taken in lexicographic order. The program halted when an 
appropriate partition, corresponding to an irreducible character of A, 
whose degree is divisible by all primes not exceeding n, had been found. 
In its original form the program ran successfully for values of 12 as large 
as 100, but its execution was extremely slow for the larger values of M. 
However, a pattern was observed in the output that enabled a great 
increase in efficiency. If [pO, pi, . . . . p,,] denotes a partition discovered by 
the program for a value of II close to 100, where p03p, 3 . . >p,, >O, 
then it was observed that the quantity p0 -pi + i is often equal to the ith 
prime greater than n/2 for small i > 0. For example, the partition produced 
for n= 100 was [64, 12, 7,6, 3, 3,3, 1, 11, and we have 64- 12+ 1=53, 
64 - 7 + 2 = 59, and 64 - 6 + 3 = 61, after which the pattern breaks down. 
(The reason for this pattern becomes obvious when one considers the 
hooklengths in the first row of the Young diagram corresponding to 
[pO, p,, . . ..p.]. Indeed, the hooklength in the (1, pi)-position is greater 
than i>O -pi + i, while the hooklength in the (1, pi+ l)-position is less than 
p. -pi + i. Thus, if p. > t1/2 and q =po -pl + i is the ith prime greater than 
n/2, then q divides the degree of the irreducible character of A, corre- 
sponding to [Ipo, pl, .-, p,,,l.) 
A second version of the computer program was designed to take advan- 
tage of the pattern described above. Instead of searching through all parti- 
tions of 12, the new algorithm considers only partitions [po, pl, . . . . p,,,] for 
which p. -p, + i is equal to the ith prime greater than 12,/2 for 1 ,< i < d, 
where d is an appropriately chosen small integer. (The new algorithm 
attempts to maximize d.) Using the first version of the program for rz < 100 
and the modified version for II > 100, an appropriate partition has been 
found for all II in the interval [15, lOOOO]. Therefore, cn(A,) = 1 for 
15 <n < 10000. For example, in the case 17 = 10000 the following partition 
was discovered, corresponding to an irreducible character of Aloooo whose 
degree is divisible by all primes not exceeding 10000. (The degree of this 
character has 9591 decimal digits.) 
[5269, 267, 262, 261, 252, 251, 236, 225, 218, 201, 198, 193, 182, 
181, 176, 171, 166, 139, 134, 121, 118, 111, 102, 95, 84, 67, 64, 
63, 60, 37, 26, 21, 20, 5, 5, 5, 5, 5, 41 
For this partition, p0 -pi+ i is equal to the ith prime greater than 
n,/2 = 5000 for 16 i < 33. 
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On the basis of the evidence described above, we state the following 
conjecture, which if true would provide a sharper version of Theorem C, 
CONJECTURE. For n >, 15, cn(il,,) = 1. 
IVoiore added in prooj It has now been verified by computer that c~l.-l,)= i for 
15 < ?I < 100,000. 
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